X 



Some results on equivalence of multi-letter 
quantum finite automata 

Tianrong Lin a '* 

"■Department of Computer Science, Fukien Normal University, Fuzhou 350007, China 



(N 

o 

(N 

£^ ' Abstract 



Two quantum finite automata are equivalent if for all input string u> over the 
input alphabet the two automata accept lo with equal probability. In [Theoret. 

■ Comput. Sci. 410 (2009) 3006-3017], it was shown that a fci-letter QFA Ai 
and a fc 2 -letter QFA A2 over E = {a}, are equivalent if and only if they are 

^ I (ni + 7J2) 4 + k — 1-equivalent where rij is the number of states of A4, i = 1,2, 

and k = max{fc 1; fc 2 }- I n this letter, we improve the above upper-bound to 
\Q ■ 

■ (n\ + — 1) + k. This also answers an open problem of Qiu et al. [Acta 

■ Informatica 48 (2011) 271-290]. Further, we show that, in the case of E = 
I {<ti, • • • , at} with 2 < t < 00, there exists an integer z such that A\ and A2 are 
, equivalent if and only if they satisfy z-cquivalent. 

Keywords: Quantum finite automata, multi-letter quantum finite automata, 
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1. Introduction 

Quantum finite automata (QFAs) are finite automata whose state transi- 
tions are governed by the quantum mechanics. There are two basic types of 
QFAs: measure-once one-way quantum finite automata [1] (MO-lQFAs) and 
measure-many one-way quantum finite automata [2] (MM-lQFAs). For the dif- 
ference between the two models, we refer to [1-3]. In general, MM-lQFAs are 
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strictly more powerful than MO-lQFAs [3], where the power of a model refers 
to the acceptance capability of the corresponding automata. However, both 
MM-lQFAs and MO-lQFAs can only accept proper subclasses of regular lan- 
guages with bounded error [3-5]. In this letter, we focus solely on another 
measure-once QFA model, the so-called multi-letter quantum finite automata 
(multi- letter QFAs) [6], which can be viewed as a generalization of one-way 
multihead deterministic finite automata [7] or that of MO-lQFAs (multi- letter 
MO-lQFAs). Multi-letter QFAs can accept the regular language (a + b)*b that 
can not be accepted by one way QFAs [6]. Moreover, Qiu and Yu prove that 
k + 1-letter QFAs are more powerful than k- letter QFAs [8], where k > 1 is a 
fixed integer. 

It is well known that, in classical automata theory [9, 10], the equivalence 
problem is very important. In [8], Qiu and Yu study the equivalence of multi- 
letter QFAs in case of unary languages, i.e., the input alphabet having one 
element. They showed that a fci-letter QFA Ai and another ^-letter QFA A2, 
defined on the alphabet E = {c}, are equivalent iff they are (rii + n2) A + k — 1- 
equivalent, where ni is the number of states of Ai, i = 1, 2, and k = maxjfci, £2}. 
In addition, Li and Qiu [11-13] studied the equivalence problem for some other 
QFA models. In this letter, we study the equivalence problem of multi-letter 
QFAs with a different point of view. 

2. Preliminaries and main results 

Let E denote the non-empty finite input alphabet, |E| the cardinality of E, 
and E* the set of all words on E. The length of u> E E* is denoted as \u>\. We 
use a n to denote w = a ■ ■ ■ <t G E*. For undefined notations we refer to [8]. 

n 

A fc-letter (k > 1) QFA A is defined as a quintuple (Q,Q a cc, IV'oKE,^) [8], 
where 

• Q is a set of internal states and E is a finite input alphabet; 

• Qacc C Q is the set of accepting states; 
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• |^o) is the initial unit state that is a superposition of the states in Q; 

• fi is a function that assigns a unitary transition matrix U u on C'^' for each 
word ui G ({A} U £) fe , where C^l denotes the unitary space span{|g)|g G 
Q}- 

Starting with an input to = x±x 2 ■ ■ ■ x n G £*, and with A in the initial 
state |"0o)j then, according to the last k number of lctter(s) received, A moves 
in succession into the states \ipi) = ^(A fc_1 a;i) IV'o)- \ip2) = n(A k ~ 2 xiX2) \ipi), 
If n < k, the final state is \ip n ) — fi(A k ~ n xi ■ ■ ■ x n ) ■ ■ ■ n(A k ~ 1 xi) \tpo). 
Otherwise, the final state is \ip n ) = n{%n—k+x ' ' ■ x n ) ■ ■ ■ {i(A k ~ 1 x±) \4>o)- 

It follows from the above discussion that to induces an unitary matrix 

f f i(A k - n uo)---n(A k - 1 x 1 ), n<k; 

= < (i) 

[ (j,(x n -k+i ■ ■ -x n ) ■ ■ -n(A k 1 Xl), n>k. 

and the final state of A can be rewritten as \ip n ) = m(w)IV'o)- 

Let Pace = X) I^X^I- Then the accepting probability for to is given by 

V A (U) = \\PacM\\ 2 - (2) 

We state the definition of equivalence for two multi-letter QFAs as follows. 

Definition 1 ([8]). A fci-letter QFA A\ and another fc 2 -lettcr QFA A 2 over £ 
are said to be equivalent (resp. i-cquivalent) if Va\ ( w ) — Pa 2 ( w ) f° r anv ^ G S* 
(resp. for any to G S* with \to\ < t). 

The following arc our main results. 

Theorem 1. Suppose that £ = {a}. Let A% = {Qi,Qacc.i,\'4>o^ )■>'£', IM) be ki- 
letter QFA, i = 1,2. Then Ai and A 2 are equivalent iff they are (nf +n| — l)+fc- 
equivalent, where ni = \Qi\ and k = max{fci, A^}- 

Remark 1. In a most recent paper [15], Qiu ct al. obtained an upper-bound 
n 2 m k ~ 1 — m fe_1 + k for the equivalence of multi- letter QFAs Ai and A2 in the 
case of |£( = m > 1 where fc = maxjfci, fe} and n = m + n 2 with m, i = 1,2, 
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being numbers of states of A%. However, whether this upper-bound is optimal 
remains open in [15]. If we take m = 1, then it is clear that (n\ + n\ — 1) + k < 
+ 712) 2 — 1] + fc. Hence, Theorem 1 also answers an open problem of Qiu et 



Theorem 2. Suppose that £ = {a\, ■ • ■ , o*t} where 2 < t < 00. Let Ai = 

(Qi,Qacc,i, IV'o }) Mi) be ki-letter QFA, i = 1,2. Then there exists an integer 
z such that Ai and A2 are equivalent iff they are z-equivalent. 

3. Technical definitions and Lemmas 

Let Ai be fc^-letter QFA over E, i = 1,2, we define the "diagonal sum" of 
A\ and Ai as follows. 



Definition 2. Let A t = (Q u Q aC c,i, \w), £, Hi) be fc,-letter QFA, i = 1, 2. The 
diagonal sum of .Ai and denote as „4i © ^2, is a ^-letter QFA, defined to be 



where \x = ^1 © ^ & = maxjfci, £2} and Q = Qi U Q2 with Qi n Q2 = and 
is an arbitrary |Qi| + |Q2|-dimension unit column vector. 

Remark 2. By \i = fii ffi/i2 we mean that the function (i assigns any o\ ■ ■ ■ o~k G 
{S U {A}} fc to a |Qi| + |Q2|-order unitary matrix /x(w) in the following manner 
(fci < ki is assumed) 



It is easy to verify that Vu/ G £*, /i defined the unitary matrix /i(w') on 
C |0i|+|0 a | as 



al. [15]. 



^ = ^li©^2 d = (Q,Q acc ,|^),E,M), 
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Note that the initial state vector of the diagonal sum A is arbitrary. Of 
particular importance are the following two unit vectors 

»-('?)■ »-(,;>,)■ 

Concerning the vectors \p) and 1 7r) , we have the following 

Definition 3. Let A4 = (Qi,Qacc,i,\' l Po" > ),^, A*i), i = 1,2, be fcj-letter QFAs, 
let .4 = ^4x © ^2 = (Q, Qacc, |$), S, /i). Then the vectors \p) and \ir), defined in 
Eqs. (4), are said to be equivalent (resp. i-equivalent) (with respect to .A) if 

||P acc 7lH|p}|| 2 = ||P acc MH|7r)|| 2 (5) 

for all wfiE' (resp. for all ui G S* with < t), where P acc = P aC c,i ffi Pace, 2- 

We further introduce some notations as follows. 

Let A = (Q, Qacc, \i>o), S, /i) be a fe-letter QFA. For i > 0, let H^ii) denote 
the set {~p(uiy P acc ~p(cj)\u G £*, |w| < i }, and VU(i) = f span{7J^(i)}. For any 
lu = X1X2 • ■ • x n G S* with \u)\ > k, let i](uj) denote the |<5|-order unitary matrix 

r/(u>) = fi(x n -k+i---x n )---fJi(x 1 ---Xk). (6) 

For any i > 0, let K^(i) denote the set {?7(u;)'''P acc 77(cj)|w G £*, k < < k + i}, 
and Sj[(i) = span{K^(i)}. 

Remark 3. It is clear by definition that, Hj\(i) C H^(i + 1) and K^(i) C 
2f/t(i + 1) f° r an y « > 0. Evidently these imply that Va(j) C V^t(i + 1) and 
S A (i) C S^i + 1). 

With the above notations, we show first the following 

Lemma 3. Let A t be ki-letter QFA over E, i = 1,2. Let A = A± © -4 2 - -tf 
1^4(0 — VaQ +i) / or a ^ i ^ 1) </ien i/ie following assertions hold: 

1. p) and 1 7r) are equivalent iff they are l-equivalent; 

2. Ip) and 1 7r) are equivalent (resp. t-equivalent) with respect to A iff Ai and 
A2 are equivalent (resp. t-equivalent); 
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Proof. 1. The "only if part is obvious by Definition 3. We proceed to show the 
"if part. By hypothesis, Vw <G £*, we have 7Z(w) t P QCC 7Z(w) = J^i^i'Pi^iV p accji{^i)) 
where <2j G C and \uji\ < I. and this implies that 

\\P acc Jl(u>)\p)\\ 2 = (p\(-p(oj^P acc -Jl(uj))\p) 

= ^^((pl^i^P-oM^p)), (7) 

i 

||P acc 7lHM| 2 = (7r|(7Z(w)tp occ /l(a;))|7r) 

= (tt| ^^a i (/j(a; i ) t P occ ]ffi(a; i ))J |7r) 

= ((7T|(7l(Wi) + Pacc7*(Wi))k». (8) 

Recall that |/?) and \w) are /-equivalent, i.e., (p\ (jliuji)^ P acc pZ{ooi)) \p) 

= (tt| (~p{&i)^ P acc ~p(u)i)) \tt) for all <jj G E* with < L This together with 

Eq. (7) and Eq. (8) lead to ||P occ 7Z(w)|p)|| 2 = ||P acc 7i(w)|7r)|| 2 for all u) G £*, as 

required. 

2. Note that, the left side of Eq. (5) is \\P accA J^(u)\'tj;^ ) ) || 2 , i.e., P^M; and 
the right side of Eq. (5) is |jPa CC ,2^M|-0o 2) }|| 2 , i-e., P*4 2 (w). Thus, \p) and |vr> 
are equivalent (resp. i-equivalcnt) implies that Va\ ( w ) — P.A 2 ( w ) f° r & U w G E* 
(resp. Vw G E* with \uj\ <t), i.e., Ai and are equivalent (resp. t- equivalent); 
and vice versa. I 

Remark 4. The method that reducing the equivalence problem of two multi- 
letter QFAs to that of two initial vectors used in the proof of Lemma 3 may 
appear first in [14] (cf. Theorem 1, [14]). 

4. Proof of Theorem 1 

To show theorem 1, the following Lemma 4 is needed. 

Lemma 4. Suppose that E = {o~}. Let Ai be ki-letter QFA over E, i = 1,2. 
LetA = Ai®A 2 - Then V A ((nj + - I) + k) = V A {{n\ + n\ - 1) + k + j) for 
all j > 1, where k = maxjfci, k 2 }- 
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To prove Lemma 4, we show first the following 

Lemma 5. Suppose that £ = {&}. Let Ai be ki-letter QFA over S, i = 1,2. 
Let A = At © A%. Then, there exists an integer I <n\ + n\, such that S A (l) = 
S A (l+j)for allj>l. 

Remark 5. Note first that, if Ai, i — 1,2, are fci-letter QFAs over S = {a}, 
and A is the diagonal sum of A\ and A2, then one can easy verify that 



where ?7i(w)' l 'P acCi i?7i(w), i = 1,2, are n.j-order matrices, respectively. This im- 
plies that dimS A (i) <n\ + n\ for all i > 0. 

We can now give the proof of Lemma 5 as follows. 
Proof of Lemma 5. We show first that there exists an integer I < n\ + n|, 
such that S A (l) — S A (l + !)■ Otherwise, S A (i) ^ S A (i + 1) for all i > 0, which 
means that 



Recall that dim( 1J £4(1)) < n\ + n\ (by Remark 5), and dim5^i(0) > 1, we 



have dim l S(nf + n\) > n\ + n\ + 1, which is a contradiction. 

We show next that S A (l) = S A (l + j) for all j > 1 by induction on j. For 
j = 1, we have done. Assume it is true for j < to, (to > 1), and consider the 
case j = m. Recall that S A (l + to) = span{K A (l + to)}. For our purpose it 
suffices to prove that, for all rjioj)^ P acc r]{uj) G K A (l + to), it can be represented 
as 



where ^(wiY P acc r](uji) G K A (l + (to — 1)) and G C. Note that K A (l + m) = 
K A (l+(m-l))U{rj(ujy P acc n(uj)\uj G £*, \lu\ = k+l+m} and P acc n(uj)\uj G 




OO 



S A (0) c • • • C S A {n\ + n\) C • • • C |J S A (i). 



i=0 
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£*, \uj\ = k + l + m} = {v{<r k+l+m yPacc v{<J k+l+m )} (••■ S = {a}). By Eq. (6), 
we have 

ri(a k+l+m ^P accV (a k+l+m ) = M (**)t (r 1 (a k+l+ ^^ ^ P acc r 1 (a k+l +^ m ^ )) M (<r* 
By induction hypothesis, we have 

7?((7fc + ( +( m -l) ) tp acc??((jfe+i+ (m-l) ) = (^tp^^.)) 

where ujj = <r'^' with fc < |wj < fc + / and bj G C. Thus 

v(v k+l+m ypac,v(<J k+l+m ) = M(^) f (E^(^) tp «-^i))l 

3 

where rj(a^ +1 )^ P acc r](a^ +1 ) G *GtO + ( m ~ !))» as needed. ■ 

Let 7 (cr) = /i(Atr fe - 1 ) • • • ) ti(A fc - 2 CT 2 )Ai(A fc_1 CT). Then for i > k, we have 
ff^(i) = - 1) U (H A (i)\H A (k - 1)) . Note that: 



H A (i)\H A (k-l) = {p(uj^P acc -p(uj)\uj e £*,fc < |w| < + 

= 7(cr) t ^(i - fc)7(cr). 

Thus, wc have 

H A (i) = H A (k-l)u( 7 (a)^K A (i-kMa)). 

Wc now proceed to show Lemma 4. 
Proof of Lemma 4. For any 'J1{lo)' s P acc Jl{ijj) € H A {(n\ + n\ — 1) + k + j) with 
(n\ + n\ - 1) + k < \u\ < {n\ + nf. — 1) + k + j. It is clear that 

~p(u) ^P acc Jl(uj) = 7(cr) t (?7(a;) t P acc ry(w)) 7(0-). 

By Lemma 5, 

7](uj)1 PacMu) G S.A((n 2 + n 2 . - 1) + j) = S A {n\ + n\ - 1). 
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Hence, 

r)(u))^ PaccViu) = h (rijuji)* P acc r)(u)i)) 

i 

where w 2 ; = cr'"* with k < < (n\ + n\ — 1) + k. Hence 

i 

which means that 

Va(K + ™2 - 1) + k + j) C V A ((nt + n 2 2 - 1) + fc). (9) 
(9) together with Remark 3 give that 

V A {{n\ + n\ - 1) + k + j) = V A {{n\ + n\ - 1) + fc). 
The lemma follows. ■ 

Combing Lemma 3 and Lemma 4, then Theorem 1 follows. 

5. Proof of Theorem 2 

We show first the following 

Lemma 6. Suppose that £ = • • • , at} with 2 < t < oo. Lei ^ &e ki-letter 
QFA over T,, i = 1, 2. Let ^4 = A\ © ,42- Then, there exists an integer z such 
that V A {z) = V A {z+ j) for all j > 1. 

Proof. By using the same argument that we used in the proof of Lemma 5, we 
see that there exists an integer z\ < n\ + n\ (where ni — \Qi\, i = 1,2), such 
that Va(zi) = V A {zi + 1). If V A (zi + 1) = V A (zi + j) for all j > 2, then taking 
z = Z\ we can complete the proof; Otherwise, there must exists an another 
integer > z\, say z 2 , such that 

V A {z x +!) = ••• = V A (z 2 - 1) C V A {z 2 ). 
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Similarly, if Va( z 2) = Va( z 2 + j) for all j > 1, then taking z = Z2 we can finish 
the proof. Otherwise, repetition of the procedure just used, we can obtain an 
index set, say V = {zi, Z2, ■ ■ •}, such that 

V A (zi) C Va(z 2 ) C • • • C span{£}. 

Since dimVx(^i) > 1 and dim{£>} = n\ + nf, this implies that the index set F 
is finite and |T| < nf +n|, i.e., T = {zi, Z2, • • • , z;} for some I < n\ Taking 
z = 0;, this ends the proof of the lemma. ■ 

Finally, Theorem 2 follows from Lemma 3 and Lemma 6. 
6. Conclusions 

In this letter, we show that, in the case of E = {a}, A\ and Ai are equivalent 
if and only if they are (nf +n| — l)+A;-equivalent. This upper-bound is quadratic 
better than the one give in [8] . This also answers an open problem of Qiu et al. 
[15]. In case of S = {eri, • • • , at} with 2 < t < oo, we show the existence of the 
integer z such that Ai and A2 are equivalent if and only if they are z-equivalent. 
Finally, the optimal upper-bound of the integer z is an important issue worthy 
of future investigation and it is our future work to consider the issue. 
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